On the point spectrum of some perturbed 
differential operators with periodic coefficients 

Igor Cialenco * 
February 1, 2008 

Abstract 

Finiteness of the point spectrum of linear operators acting in a Ba- 
nach space is investigated from point of view of perturbation theory. In 
the first part of the paper we present an abstract result based on analyt- 
ical continuation of the resolvent function through continuous spectrum. 
In the second part, the abstract result is applied to differential operators 
which can be represented as a differential operator with periodic coeffi- 
cients perturbed by an arbitrary subordinated differential operator. 
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1 Introduction 

One fundamental problem in spectral analysis of linear operators is finiteness of 
the point spectrum, which is of great interest for various problems from math- 
ematical physics, quantum mechanics and related topics as well as for spectral 
theory itself. Unlike the case of selfadjoint operators, in which various methods 
of investigation were elaborated thanks to the fundamental spectral theorem, 
in the case of nonselfadjoint operators this problem is typically reduced to the 
uniqueness theorem of analytic functions. From this point of view, the prob- 
lem of finiteness of the point spectrum (i.e. the set of all eigenvalues including 
those contained in the continuous spectrum) of nonselfadjoint operators has 
been studied in many papers, where concrete classes of operators have been 
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considered: differential operators (of the second order) [51 [TB], Schrodinger op- 
erator [JJ [10] , the Friedrics model [Mj [22] , the finite-difference operators [13] , 
perturbed Winer-Hopf integral operators [S]. Some general results have been 
presented in [15j . where the nonself adjoint operator is considered as a pertur- 
bation of a selfadjoint operator acting in some Hilbert space. 

In the present paper, using direct methods of perturbation theory, we pro- 
pose a generalization of the so-called method of analytic continuation of the 
resolvent of the unperturbed operator across its continuous spectrum for the 
case of Banach spaces and unbounded operators. It should be mentioned that 
the results obtained here are framed in the theory of large perturbations. 

In Section 2 the problem of finiteness of the point spectrum is solved in 
abstract settings. Conditions on the linear operators Hq and B are given such 
that the perturbed operator Hq + B has a finite set of eigenvalues. The obtained 
results actually guarantee the finiteness of the spectral singularities which were 
investigated for the first time by M. A. Naimark [T7], and which are also very 
closely related to the problem of eigenfunction expansion and generalized Par- 
seval identity. The abstract results proposed here can be applied to different 
classes of unbounded operators, among which we can mention ordinary differen- 
tial operators, integro-differential operators, pseudo-differential operators, etc. 
We want to mention that similar problem for bounded (nonselfadjoint) oper- 
ators has been studied by author in [2 [3] [4]. The abstract results, similar to 
those presented here, have been applied to finite-difference perturbed opera- 
tor (of any order), Wiener-Hopf perturbed operators (abstract, discrete, and 
integral), operators generated by Jacobi matrices, etc. 

In Section 3, we obtain some new results about finiteness of the point spec- 
trum of the following class of differential operators: the unperturbed operator is 
a differential operator with periodic coefficients and the perturbation is a sub- 
ordinated differential operator. These operators act in one of the spaces L p (M) 
or L p (K + ) (1 < p < +oo). We want to stress out that while these results are of 
independent interest, and could be obtained separately, we derived them from 
the abstract results presented in Section 2. Also, we note that the unperturbed 
operator can be of any order and can be nonselfadjoint itself. The results agree 
with know ones. For example, if the unperturbed operator is Hill operator, 
then the finiteness of the point spectrum is guaranteed if the potential in the 
perturbation part has exponential decay at infinity (see the concluding result of 
this paper). 

2 Abstract Results 

Let Hq and B be linear operators acting in a Banach space B such that the 
following assumptions are fulfilled: 
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(i) The spectrum ct(Hq) of the operator Hq is a simple rectifiable curve 
and the point spectrum of Hq is absent, i.e. o~ p (Hq) = 0/ 

(ii) The operator B can be represented in the form B — RTS, where S is 
an operator acting from B into B\ with Dom(S') D Dom(J?o), the operator 
R acts from B\ into B, T acts in B\, and B\ is a Banach space (possibly 
different from B ). 

We denote by Dom(A) and Ran(A) the domain and the range of the operator 
A, by M(B) the set of all linear and bounded operators on B, and by M OQ (B) the 
class of all compact operators defined on B. Also, we denote by Q(X), X £ C, 
the operator S{H - XI)- 1 RT defined on the set £ x := {u G Bi : RTu G 
Ran(i? — XI)}. 

Under the above assumptions the following statement holds true. 
1 Proposition. If X £ o- p (Ho + B), then there exists ip G C\, ((9^0, such that 

(I + Q(X))p = 0. (1) 

The proof is based on the following argument. Suppose that A £ a p (Ho + B). 
Then, there exists a vector u G B, ti^O, such that (Ho — X)u + RTSu = 0. Note 
that RTSu £ Ran(i? - XI), hence u + (H Q - XI^RTSu = 0. Consequently, 
Su + S{H - XI)- 1 RTSu = 0. Put ip = Su and equality Q follows. Note 
that tp 0, since otherwise Su = 0, and then (Hq — XI)u = 0, which is a 
contradiction with initial assumption a p (H Q ) = 0. 

It should be mentioned that the operator- valued function Q(X) plays a 
key role in perturbation theory and scattering theory. Proposition similar to 
Proposition [T] show up in many problems of spectral analysis (see for instance 
[TTJ rrjl [2T] where the selfadjoint case is considered). Note that ([TJ) does not 
imply that corresponding A belongs to the point spectrum of H . Actually, A 
that satisfies ([T]) is called spectral singularity, and is related to eigenfunction 
expansion problem and generalized Parseval identity (see for instance [17] ). 

Due to Proposition [1] to establish that the point spectrum of the operator 
H = Hq + B is a finite set, it suffices to show that the equality fTJ) holds for a 
finite set of numbers A £ C, and non-zero vectors p £ C\. Consequently, using 
the theorem of uniqueness of analytic operator-valued functions, it is sufficient 
to establish the analyticity of the function Q(X) with respect to A. Generally 
speaking, Q(X) is analytic only on the resolvent set p(Hq) (for instance if R, S, T 
are bounded operators), and the analyticity is lost in the neighborhood of o-(Hq). 
In connection with this, we suppose that there exists an analytic continuation 
of the function Q(X) across cf(Hq) (of course on Riemann surface). Namely, we 
suppose that the following assumption is satisfied. 

Let Ao £ cr(Ho), and let U(Xo) be a neighborhood of the point Ao- We 
denote by Uq(Xq) one of the connected components of the neighborhood U(Xq) 
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with respect to a(H ). In other words, the curve <r(H ) divides the set U(\o) 
in several parts, and by Uq(Xo) we denote the interior of one of these parts. 
For example if Hq is a selfadjoint operator, and Il± denotes upper/lower half 
complex plane, then Uo(Xq) '■= U(Xq) n II + or Uq(Xo) ■= U(Xq) (~l 

(iii) For every Xq G C there exists a neighborhood U(Xq) such that for 
every Uq(Xq) there exists a neighborhood U(Xq) (maybe on a Riemann 
surface) of the point Xq, and an operator-valued function Q(X) : U(X Q ) — > 
Boo(^i) such that Uq(Xq) C U[Xq), Q{X) is analytic on U(Xo) and Q{X) D 
Q(X), X e U (X ). 

2 Theorem. If the operators Hq and B satisfy conditions (i)-(iii), then the 
perturbed operator H = Hq + B has a finite set of eigenvalues. Moreover, the 
possible eigenvalues have finite multiplicity. 

Proof. By Assumption (iii), Q is uniquely defined on entire Riemann surface. 
Moreover, one can formally write Q(X) D Q(X), X G C, meaning that for every 
A G C, there exists /x on the Riemann surface, such that Q(X) = Q(/i). Accord- 
ing to the theorem about holomorphic operator-valued functions with values in 
Boo (see, for example, [9], Chapter VII. 1.3 or [19], theorem XII. 13), the func- 
tion Q(-) has a finite number of zeros in every neighborhood on the Riemann 
surface. Consequently Q(-) has a finite number of zeros in C. The possibility 
of existence of sequence X n S C, A„ — * oo, Q(X n ) = 0, is ruled out by the 
analyticity of the resolvent function (Ho — XI) . Thus, ([I]) is satisfied for a 
finite number of values A. Moreover, for every A, the subspace i?i (A) generated 
by the corresponding vectors ip G C\ that satisfy ([T]) has a finite dimension. By 
Proposition [I] a p (H + B) is finite, and every eigenvalues has finite multiplicity. 
Theorem is proved. □ 

In many applications, usually Ho is a selfadjoint operator, so o~(Ho) C M. 
Hence, (i) is satisfied if Ho has no eigenvalues. Condition (ii) is a technical 
condition, but strongly related to (iii). In particular, (ii) and (iii) holds true 
if one may find the operators R and S such that R(Ho — A/)^ 1 ^ has analytic 
continuation and T := S~ 1 BR~ 1 is a compact operator. The hardest to check 
is condition (iii), and verification depends on the class of operators to be con- 
sidered, and the general rule is to have an explicit or manageable form of the 
resolvent function of the unperturbed operator. 

3 Application to Differential Operators 

In this section we will present one application of the general results from Section 
2. We will consider some perturbations of differential operators with periodic 
coefficients of arbitrary order acting in L P (R). 
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Let H be the differential operator of the following form 



V(t) 



dt k 



(2) 



fc=0 



where h k (t) = a k (t) + q k (t) (k = 0,1,... n; t e R or R + ), <z fe (i) (fc = 
0, 1, . . . ,n; a n = 1) are periodic functions (with the same period T) and (fc = 
0, 1, . . . , n; q n = 0) are functions (generally speaking, complex-valued) vanishing 
for t — > oo. Assume that afc(i) (fc = 0, 1, . . . , n) are as smooth as required. The 
operator H is supposed to act in the spaces L p (R) or L p (R + ) (1 < p < +oo). 
The domain of the operator H consists of all functions (f G L P (M.) (L P (1R+)) 
having absolutely continuous derivatives of order n — 1 on each bounded in- 
terval of the real axis (semiaxis) and derivative of the n-th order belonging to 



To apply the abstract scheme from Section 2, we consider the operator H as 
a perturbation of the operator 



gated by many authors (see for instance [TBI 120] and the references therein). 
In [20] the operator Hq is considered in the space ^(R), while in [16] in 
Lp(IR) (1 < p < oo). In these papers it is shown that the spectrum of the 
operator Ho is continuous, coincides with the set of those A € C for which the 
equation i?oV = nas a non-trivial solution (so-called zones of relative sta- 
bility), and it is bounded in C. Moreover, the unperturbed operator Hq has no 
eigenvalues and satisfies condition (i) from Section 2. Actually this statement 
will also follow from our derivations related to properties (ii) and (iii) . In what 
follows we suppose that the operator H is acting in the space L p (R), but all 
results (with obvious changes) hold true for L p (R + ). 

As we mentioned before, the key point in our abstract scheme is to find an 
analytical extensions of function Q(A), for which we need to have at hand a 
manageable representation of the resolvent function (Ho — AJ) _1 . Although the 
spectrum of the operator Ho is well-known (see for instance [Ml [20]), we will 
present here a different method for describing explicitly the resolvent of Hq, 
suitable for our goal to verify the abstract conditions (ii) and (iii). The repre- 
sentation relies on Floquet-Liapunov theory about linear differential equations 
with periodic coefficients (see for instance [71 123j). 



L P (R) (L P (K+)). 




by the differential operator 




The spectral properties of the unperturbed operator Ho have been investi- 
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Without loss of generality we can assume that T = 1. 
Let us consider the equation 



H ip = Xip , 



(3) 



where A is a complex number, or in vector form 

dx , , , . 
Tt =A{t,X) X , 

where 



(4) 



A(t,X) 




\ A - a -ai 




1 



-a 2 



1 



Denote by U(t) (= [7(t, A)) the matriciant of the equation (j4|), i.e., the matrix 
which satisfies the following system of differential equations 



dU(t) 
dt 



A(t,X)U(t), U(0)=E n 



where E n is n x n identity matrix. The matrix U(l) is called the monodromy 
matrix of the equation (j4|) and the eigenvalues pi (A), . . . ,p m (A) of the matrix 
U (1) are called the multiplicators. Also, we will say that U(l) is the monodromy 
matrix and pi(A), . . . , p m (X) are multiplicators of the operator Hq — XI. 

Let r = ln?7(l) be a solutions of the matrix equation exp(T) = U(l). Note 
that this equation has solutions since the monodromy matrix U(l) is nonsin- 
gular. Due to Floquet theory (see for instance [7]), the matrix U(t) has the 
following representation 

[/(*)= F(i)exp(ir), (5) 

where F(t) is a nonsingular differentiable matrix of period T = 1. 

Let us describe explicitly the structure of the matrix exp(iT). For this, we 
write r in its Jordan canonical form, T — GJG^ 1 , where J — diag[Ji, . . . , J m ] 
and Jfe, k = 1, . . . , m, is the Jordan canonical block corresponding to the eigen- 
value /ifc. Hence, exp(tr) = G exp(tJ) G _1 , exp(tJ) = diag[exp( Jit), . . . ,exp(J m t)], 
and 

1. 



exp(J fc i) = exp(t/Xfc) 



where p^, fe = 1, . 



V ... 1 / 

, m, is the dimension of the Jordan block J^. 



G 



Since U(t) is the matriciant of the equation it follows that every solution 
of this equation has the form 

x(t) = U(t) x , (6) 

where xq is an arbitrary vector from K™. 

Thus, from H])-©, we conclude that the components of the vector x(t), 
and consequently the solution of the equation ([3]), are linear combinations of 
exp(/ifct) (k = 1, . . . , m) with polynomial coefficients. 

Remark that \t k exp(t\j)\ — ^ oo, t — » oo, if ReAj ^ 0, k = 0, 1, or 
ReXj — 0, = 1,2, .... Also note that \t k exp(tAj)| = 1 for fc = 0, ReAj = 
0. From this we conclude that the only solution of equation © belonging to 
L P (M) (1 < p < +oo) is the function 95 = 0, which yields that a p (H^) = 0. 

Since pj = exp(fXj), j = 1, ...,m, we conclude that \pj\ < 1, I/O,- > 1 or 
= 1, if and only if ReAj < 0, ReA 3 > or ReAj = 0, respectively. 

Now we are ready to solve explicitly equation Hqu — Xu = v, where v G 
Ran (if — XI). In matrix form this equation becomes 

^L = A(t,X)x + f, (7) 

where / = (0, 0, ... , v) , A(t, A) and x are the same as in (QJ, and _L stands for 
the transposed vector. According to the Floquet representation of the matriciant 
([5]), and making the substitution x = F(t) y in ([7]), we get 

^L=ry + F-\t)f. (8) 

Assume that \pk\ 7^ 1, fc = 1, . . . ,m, and suppose that are numbered such 
that |pfc| > 1 for fe = 1, . . . , I, and \pk\ < 1 for k = I + 1, . . . , m. Denote by 
Pi the projection in L™(M) of the form P\y — (0, 0, ... , yj+i, ■ ■ ■ , y n ), where 

V = {Vi, ■ ■■ ,Vn) G j = Pi H 1" Pi, an d put P 2 := J - Pi. 

An easy computation shows that the vector-valued function 

t +00 
y(i)= y exp(r(t- S ))P 1 F- 1 (s)/(s)^- J exp(r(t- S ))P 2 F- 1 ( S )/( S )d S 

— OO t 

(9) 

is a solution of the equation ([8|) . 

Since ai(t) = F(t)y(t), it follows that 

t 

x(t) = F(t) J exp{T{t-s))P 1 F- 1 {s)f(s)ds- 

— OO 
+ OO 

- F(t) J exp(T(t-s))P 2 F- 1 (s)f(s)ds, (10) 
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and taking into account |(7J) one obtains 



m Pr n 

{H - A/) _1 »(t) = 51 exp(p r (t-s))(t-s) k h rk (s)v(s)ds + 

r=l+l k=0 

+ 5UZ 9rfc ( < ) /cxp(^ r (i - s))(t - s) k h rk (s)v(s)ds, (11) 
r=l fc=0 j 

where w 6 Ran(P — A/), g r fc and /i rfc are some continuous periodic functions. 

It is easy to show that under assumption \p k \ 1, A; = 1, . . . , m, the operator 
defined in pip is bounded, hence A G p{H ). Moreover, A G <r(i?o) if there exists 
at least one multiplicator which lie on the unit circle T = {zgC:|z| = 1}. It 
should be mentioned, since a n (t) = X, it is not possible to have a multiplicator 
Pk that belongs to T and is independent of A (see for instance [20 ) . 

3 Remark. Summing up, we conclude: the point spectrum of the unperturbed 
operator H a is absent; <t(Hq) consists from the set of all curves determined by 
the equation det (U(l, A) — pi) = 0, \p\ = 1; for every regular point A G p(H ) 
the resolvent function (Hq — A/) -1 has the form (111)) . 

Now we are ready to prove the main result of this section. In what follows 
we will preserve the same notations as we defined above. 



4 Theorem. If the functions qk(t), k = 0, 1, . . . , n ■ 

q k (t) exp(r|t|) G L oc (R) , 



1, are such that 



(12) 



for some r > 0, then the point spectrum of the perturbed operator H is at most 
a finite set. Furthermore, the possible eigenvalues have finite multiplicity. 

Proof. For an arbitrary A G C, in the space Lp(M.) we consider the operator Hi 
of the following form 



H lX {t) = ( — - A(t, A) ) x(t) + B lX (t) , 



(13) 



where A(t, A) and x are as in (T5]), and 

/ 



By = 



V so (*) <n{t) 



q»-i(t) J 



Denote by Pi the projection in L™ (R) of the form Pi y = (0, 0, . . . , yi+i, ■ ■ ■ , y n ), 
and put P2 := I — Pi. The index / will be specified latter on. To satisfy 
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conditions (ii) and (iii) from the the abstract result, we factorize the operator 
B 1 as follows: B 1 = RTS, where R = exp(-<5|i|) ■ P 2 , S = exp(-S\t\) ■ Pi, 
T = exp(5\t\)-Bx-exp(6\t\), and 5 > 0. Note that T G B(L£(R)), and condition 
(ii) is fulfilled. 

By Remark 131 it is sufficient to show that the operator- valued function 
d 



Q(X) = S I — - A(t, A) J RT , Xea(H ), 

satisfies condition (iii). 

Let Ao 6 &{H ). Since U(t) is the matriciant, the matrix U{t) = U(t,X) 
is analytic in A (see for instance [23], p. 71, Th.1.3). Therefore, the function 
det([/(l,A) — p) = is also analytic in A. By implicit function theorem, 
there exists a neighborhood [/(Ao) of the point Ao, such that the multiplicators 
px{X), ■ ■ ■ , Pm(X) are holomorphic on U(Xq). Let Uo(Xq) be one of the connected 
components of the neighborhood [/(Ao), and assume that the multiplicators (in- 
cluding their multiplicity) are enumerated such that 

Re(pk) > 0, for all A e f7 (Ao); k = l,...,l, 

Rc(pk) < 0, for all A e [/ (Ao); k = I + 1, . . . ,m, 

where exp(^-) = p% (k — l,.,.,n). Using (fTTJ| . (fTT|) and (fT3ll . we conclude 
that the operator Q(X), X 6 Uq(Xq), is a linear combination of the following 
operators 

(Qi(A)vO(t) = / eMMX)(t~s)){t~s) r eM-T\t\)Tv(s)ds, 



(k = l + l,...,m; r e N) (14) 
(Q 2 (A)^)(<) = /" exp( Mfc (A)(t- S ))(i- S ) I -exp(-T| S |)T^( S )d S , 

(fe = l,...,Z; reN). 

We take the neighborhood U(Xq) C U(X ) such that Re(/ifc(A)) — S < 0, /c = 
X e [/(Ao) and Re(^ fc (A)) +<S > 0, A = l + l,...,m; A 6 &(A ). For 
every A 6 [/(Ao), we define the operator Q(A) by the same formula by which 
the operator Q(X) is defined on Uo{X ) (i.e. integral operators generated by 
([14])). Under these conditions, the operator- valued functions (|14[) are analytic 
on [/(Ao) and take values in B^L^R)). Hence, the same property holds true 
for the operator-valued function Q(A), A 6 U(X ). By the definition of Q we 
have Q(X) D Q(X), X G [/o(Ao). Thus, the condition fra) of the abstract scheme 
is verified, and Theorem [4] is proved. □ 
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5 Remark. The initial spectral problem has been reduced to the correspond- 
ing system of first order differential equations and H13\) . Moreover, we did 
not use the particular form and dimension of the matrices A(t, A) and B\(t). 
Actually, the Theorem^ holds true for any matrices A(t, A) and B\(i), under 
condition that A(t, A) is periodic in t and analytic in A, and the elements of the 
matrix B\(t) are such that exp(7"|£|)|&jfc(t)| £ Lqo(R), t > 0; j, k = l,...,n. 
The obtained results are also true if the operator f||) is a differential operator 
with matrix coefficients, i.e. <2fc(t) (k = 0,1,..., n) are periodic matrix-valued 
functions of dimension r x r, det a n (t) ^ 0, bk(t), k = 0, 1, . . . , n— 1, are mea- 
surable matrix-valued functions of the same dimension r x r, and the operator 
H acts in the space i p (R,C") (1 < p < +oo). In addition, the condition hi 2]) 
should be replaced by the following one: exp(r|t|)|6fc| £ L^R), for some r > 0, 
where \ ■ \ is the operator matrix norm in C™. 

6 Remark. It should be mentioned that similar results can be formulated for 
more general classes of operators. Namely, instead of periodicity of the unper- 
turbed operator it is sufficient to suppose that the system of differential equations 
generated by the unperturbed operator is a reducible one. 

7 Example. As a concrete application of the previous results, consider the 
differential operator of the form 

H = —^ + «m(*)^+p(*) +<»(*). (is) 

where p(t + 1) = p(t), qk, k — 1,2, are measurable, complex-valued functions, 
and the operator H is acting in L2 (R) • The unperturbed operator is well-studied 
Hill operator (see for instance J§|/ ; p. 281) 

d^u 

H U = --7-j +p(t)u. 

Hence, for the perturbed Hill operator H15\) we can formulate the following result. 

8 Theorem. // exp(r|£|)gfc(t) £ Loo(R) (fc = l,2;r > 0), then the perturbed 
Hill operator i U5|) has a finite set of eigenvalues, each of them of finite multi- 
plicity. 



References 

[1] S. Albcvcrio, S.N. Lakaev, and J.I. Abdullaev, On the finiteness of the 
discrete spectrum of four-particle lattice Schrodinger operators, Rep. Math. 
Phys. 51 (2003), no. 1, 43-70. 

[2] Ig. Cialenco, On the point spectrum of nons elf adjoint perturbed operators of 
Wiener-Hopf type, An. §tiint. Univ. Al. I. Cuza Ia§i. Mat. (N.S.) 44 (1998), 



10 



no. suppl., 485-496 (2000), Mathematical analysis and applications (Iasi, 
1997). 



[3] , On the nons elf adjoint perturbations of the Wiener-Hopf integral 

operators, Operator theoretical methods (Timi§oara, 1998), Theta Found., 
Bucharest, 2000, pp. 87-95. 

[4] Ig. Cialenco and P. Cojuhari, Finiteness of the point spectrum of some 
nons elf adjoint operators close to the operators generated by Jacobi matrices, 
Bui. Acad. §tiinte Repub. Mold. Mat. (1998), no. 3, 65-70, 143, 146. 

[5] L. I. Djuzenkova, Analytic continuation across the continuous spectrum of 
the resolvent of certain differential operators, Proceedings of a Seminar on 
Functional Analysis, No. 2 (Russian) (Kiev), Akad. Nauk Ukrain. SSR Inst. 
Mat., 1970, pp. 136-206. 

[6] I. M. Glazman, Direct methods of qualitative spectral analysis of singular 
differential operators, Translated from the Russian by the IPST staff, Israel 
Program for Scientific Translations, Jerusalem, 1965, 1966. 

[7] P. Hartman, Ordinary differential equations, Classics in Applied Mathe- 
matics, vol. 38, Society for Industrial and Applied Mathematics (SIAM), 
Philadelphia, PA, 2002. 

[8] L. V. Kakabadze, Finiteness of the discrete spectrum of a perturbed Wiener- 
Hopf operator, Funktsional. Anal, i Prilozhen. 20 (1986), no. 4, 76-78. 

[9] T. Kato, Perturbation theory for linear operators, Die Grundlehren der 
mathematischen Wissenschaften, Band 132, Springer- Verlag New York, 
Inc., New York, 1966. 

[10] A.M. Krall, E. Bairamov, and O. Cakar, Spectral analysis of non- self adjoint 
discrete Schrddinger operators with spectral singularities, Math. Nachr. 231 
(2001), 89-104. 

[11] S. T. Kuroda, An abstract stationary approach to perturbation of continuous 
spectra and scattering theory, J. Analyse Math. 20 (1967), 57-117. 

[12] , An introduction to scattering theory, Lecture Notes Series, vol. 51, 

Aarhus Universitet Matematisk Institut, Aarhus, 1978. 

[13] V. E. Ljance, A non- self adjoint difference operator, Dokl. Akad. Nauk SSSR 
173 (1967), 1260-1263. 

[14] , Completely regular perturbation of a continuous spectrum, Mat. 

Sb. (N.S.) 82 (124) (1970), 126-156. 



11 



[15] F. G. Maksudov and Bilender Pa§aoglu Allahverdicv, Spectral analysis of 
nonselfadjoint operator-valued functions with a continuous spectrum and 
point spectrum, istanbul Tek. Univ. Bui. 49 (1996), no. 3-4, 203-215. 



[16] D. McGarvey, Operators commuting with translation by one. I. Represen- 
tation theorems, J. Math. Anal. Appl. 4 (1962), 366-410. 

[17] M. A. Naimark, Investigation of the spectrum and the expansion in eigen- 
functions of a nonselfadjoint operator of the second order on a semi-axis, 
Trudy Moskov. Mat. Obsc. 3 (1954), 181-270. 

[18] B. S. Pavlov, On a nonselfadjoint Schrddinger operator, Probl. Math. 
Phys., No. I, Spectral Theory and Wave Processes (Russian), Izdat. 
Leningrad. Univ., Leningrad, 1966, pp. 102-132. 

[19] M. Reed and B. Simon, Methods of modern mathematical physics. IV. Anal- 
ysis of operators, Academic Press [Harcourt Brace Jovanovich Publishers] , 
New York, 1978. 

[20] F. S. Rofe-Beketov, On the spectrum of nonselfadjoint differential opera- 
tors with periodic coefficients, Dokl. Akad. Nauk SSSR 152 (1963), 1312- 
1315. 

[21] M. Schechter, Discreteness of the singular spectrum for Schrddinger oper- 
ators, Math. Proc. Cambridge Philos. Soc. 80 (1976), no. 1, 121-133. 

[22] S. A. Stepin, On conditions for the finiteness of the point spectrum in the 
nonselfadjoint Friedrichs model, Funktsional. Anal, i Prilozhcn. 31 (1997), 
no. 4, 83-86, Dedicated to V. I. Arnol'd on his 60th birthday. 

[23] V. A. Yakubovich and V. M. Starzhinskh, Linear differential equations with 
periodic coefficients and their applications, Izdat. "Nauka", Moscow, 1972. 

Igor Cialenco 
Illinois Institute of Technology 
Department of Applied Mathematics 
10 W 32nd Str, El 234C 
Chicago, IL 60659 
e-mail: igor@math.iit.edu 



12 



